
PROBABILITY SPACES IMPORTANT DISCRETE RVS
WHEN TO

(2 ,
f

, p)
NAME PME EXPECTATION VARIAN CE

USE

(b- a + 1)2 - 1

↓ d ↓ Unit (a , b) p(x= i) =3a+ 1
E(X]= var(X) =v

Di

ROLL

SAMPLE EVENT PROBABILITY

SPACE SPACE = UNCTION Bernoulli(p)
P(X= 0) = 1- P

E[X] = P var(X) = pCl-p) single coin

P(x= 1) = P flip
=all eXD subsets of

PIF+ 10, 1]
outcomes 2 # of heads

Binomial (n ,p) p(x= i) = (4) p(tp)[[X] = Up var(x)= npCrp)
in1 flips

AXIOMS # of tosses

DNONNEGATIVTY : P(E) = 0 VEEF
Geometric (p) p(x= i) = ( +- p)"pE[X] = var(x)= WIL head ;

RARE EVENT
② UNIT MEASURE : P(r) = 1 poisson (x) P(X= i) = * -

*

E(X] = X var(X) = X In some interval

③ COUNTABLE
: p(ti)=PE IMPORTANT DENSITIESADDITIVTY

- for disjoint events E; NAME PDF CDF E(X] Var(X)
CONDITIONALITY -

Prior
[21b]

BAYES RULE = PLAIB)=PAPAB)
unitab) txx==var()=

20,0]

↑ ↑ Exp(t) +x(x) = Xe
- *

(x = 1 - e

- *x

E(X] = * var(x)=
posterior evidence N(4 E= EX] var(x) = 02

TOTAL PROBABILITY P(A) = [P(ANB:)
RUVE

= [P(AIBi)P(B,) CONTINUOUS RANDOM VARS
-

CDF= cumulative density function - fx(x) =P(X(X) issval
INDEPENDENCE
* knowing one event occurred does NOT change PDF = probability density function e fx(x)= Fx(x) * RV is equal

to specific value

probability of another event
Integrate PDF to get CDF

P(A1B) = P(A) P(ANB)= P(A)P(B)
JOINT DENSITIES = probability that X &Y take

on specific values simultaneously
INCLUSION/ EXCLUSION

IAUBl = 1A) + 1B1- 1AnB
P((x,y) (A) = Sx(x, y)oxby gOEx(X)oxT

JOINT PDF
P(AUB) = p(A) + P(B) - P(AnB)

P (Ai)=C*PivA
MARGINAL : f(x)=xy

(x iy]oY #f(y)=S*x ,y(x ,y)x

UNION BOUND p(A)PA
EXPECTATION : Elg(XiY)] =Sg(x ,4) f x

,y(x ,)0x0y

RANDOM VARIABLES
fxy (x(y)=X relating JOINT to CONDITIONA

function from sample space (2) to subset

X12 - IR
LAW Of TOTAL EXPECTATION

DISCRETE random variables have

PROBABILITY MASS FUNCTIONS E(X] = E[E[X/Y]] * cannot just treat RV as a constant

Px(x) = p(X= x) = &1(X(w)=x)P(w)
ECE(XN7) = /EXPDict ECXI]=Sxy

wEm

O find all outcomes that give rise to X=x

② Add permutations to get px(x)

EXPECTATION = weightedaya Law of total variance

MEAN var(X) = E(var (X (y) + var(E[X(Y]) X-Exp(x)
E(X] = &Xpx(x) -

MEMORYLESS PROPERTYA FOR EXPONENTIAL
& P of event happening in next t min is

① LINEAR : ECaX + b] = aE[X] + b
SME regardless of how long you're waited

E[X+Y] = E(X]+ ECY] P(X > a+b(x > a) = P(x> b)

② LOTUS : E(g(x)]= g(x)px(x)
Spread

Proof

:VARIANCE =
measure of P(X>b)

③CONDON : E= y] = EXY var(x) = E[(X - E(X])-]

&TOTFATION : E(X] = [P(y)ECX(Y = Y] var(X) = ECX] - ECX]
2

var(ax+ b) = arVar(X)



CONVOLUTIONS MOMENT GENERATING FUNCTION

Let Z= X+ Y for independent X &Y
Mx(t) = E(e

+*

] M(s) = &e
*

Px(x) DISCRETE

DISCRETE : P(E= z)=P(x=k)P(Y=E m(s) =S*+x(x)dx CONTINUOUS

CONTINUOUS : fz(z)= (fx *fy)(z) =Sx(x) f y(t-x)ox JOINT MAF : MY(E) = EleETXy where-
tixittext ... + Ex

COVARIANCE-whenImchangesdesname * Take derivative of transform to EXTRACT MOMENTS

cov(X ,y) = E[(X - E(X])(y - ECY]) M(s)),
= 0=x(x)ox = E(x] first moment

= E(XY] - ECXYECY]
n
th

PROPERTIES M(s))=x(xox = Ex moment formula

① cov(X , Y) = CoV(y · X

② coV(aX+ by ,
(E) = acCov(X , z) + bcCoV(Y, z) * SUM of VARIABLES = PRODUCT Of MGF

③ X & Y Indep -> CoV(X ,Y) = 0 Mx+y(s) = E(es(x+

y)] = E(e
*]f(es) =Mx(s) My(s)

* IfCOV(Xi) = 0 - not necessarily indep
* AffINE TRANSFORMS * 2 INDEP VARIABLES

ADD proof here??

Max+y(s) = esMx(as) Mx
,y(S , t) = Mx(s)My(t)

① cov(X , X) = var(X)
coV(X ,Y)

IMPORTANT TRANSFORMS Standard = My(s) = eS2
p(xmy)
=ar(x)var(y)

&

BERNOULUI Mx(s) = 1 - p+peS NORMAL Mx(s) =
eus

var(Xi)=var(X) + &cor(Xi , X)
BINOMIAL Mx(s)= (+ P +pe)" ExPONENTIAL Mx(s)=E(i ,j) lifj3

ORDER STATISTICS GEOMETRIC Mx (s)=Moses POISSON Mx(s) = eX(eS- 1)

Xi Xu be iid RVs w/fy(x) and Fx(x)

kth order statistic BINOMIAL MGF TRANSFORM POISSON TRANSFORM

fx((x) =

yYu
-x) +

(fx(x))
*

(l-Ex(x)]*
-

"fx(x) z = X ,
+... + Xn where X : binomial

Mx(s) = e
+ (e) - 1)

z =X+ Y
Mz(s) = Mx,

(s) ....
. Mxn(S)

My(s) = en(e)- 1)
= (1-p + peS)e Also

ksmallerthan Exactly litera
BINOMIAL Mz(s) = Mx(s)My(s)

= eX(e- 1)u(e= 1)

MIN/MAX TRICKS = e(x+u)(es- 1)

max(X ,Y) - both must be below NORMAL TRANSFORM

P(max(X ,Y) [t) = P(XEt and YIt) XIN Y = XX

min (x , y) + both have NOT happened My(t) =Mx , (t)Mxz(t)
= e(Mit

+ 26, 2+2) (unt + 2 +2)

p(min(x, y) - t) = P(X) t and + > t)
= C

(n ,+m z)t + j(020,2)+2

↳ Plminst) = (1 - fx (t)] · (1 - fy(t)]

SURVIVAL FUNCTION

S(t) = p(Xxt) = 1 - F(X(t)

TAIL Sum = ECX] :SP(x> t) Ot
INDICATOR TRICKS

TOTAL EXPECTATION EXAMPLE *When looking for count of something
ECEr]=VarCELES ↳ decompose into sums of indicatorENAnitaElz (Bernoulli) variables

= 2(02+mi
X = # of H in n coin flips

HELPFUL CALCULUS
1 = [6 ifflip

i is heada

b(x) ↓ probabilita

&St = f(b(x)b'(x)-f(a(x)a
Taylor

* var (11) = p(1-P)

a

S' f(t)0t = f(b) - f(a)
to complete square[X] = ET]=#]
for x

= + bx-
chain rule: f(g(x)) = f (g(x))g'(x) add + subtract (E)> =EP

product rule:(f(x) · g(x)) = f(x)g(x) + f(x)g to get (x-E)



CONCENTRATION BOUNDS SOURCE CODING
markov Inequality : mapping from symbols x in source alphabet X to bit strings
(If X nonnegative values)

P(X= a) EX e(X) = length of binary string description of X

for all aso

Chebyshev Inequality :

p(IX-ul =c)
source coding theorem

(mean M , var 02) im E((Xxu)]H(x)
↑ (X-u)

== (x- / = for allo

WLCN : sample mean of sample mean : typical set for set of

sequence of : sequences = 2
-n + (x)

= zE(0ypx(X)]
laRiverMe random vars w/probability

for ever : p(IMn-m = ) =pu=) E-typical Set : z
- n(H(x) + -)

= Pyr(x , . . . xn)(y
n( + (x)-E)

as n - 0 ↳ size a zu
H(x)

# of typical sequences
* BULK Of DIST NEAR M

CONVERGENCE AEP = asymptotic equipaition property

almost sure -> in probability -> In distribution If (Xn)= 1
iid over finite alphabet :

-* 1092(X-Xn) H(X)

almost
surely PGwee: Xn = X3) = 1 Xu EX p(z-n(H(x)+ -)

< Pyz(Xh) < z-n(H(X)-E) - 1
* We only need to care abt encoding

sequences in typical set

↳ SLLN : If (Xn) 1
iid w/finite mean

then sample mean In converges & # of bits required to # of bits to assign
as . totive mean &

encode set of sizes
: FlogzS] core to each sequence [n(H(x)+ e)

*n=X (X & in typical set
-

HUffMAN CODING = optimal way to code random variable X

↳ BOREL CANTELLI LEMMA

Let (And be collection events %/
inretix-free way

An i.
O .

= liMSP An= 0 .

/
no codeword is prefix of another codeword

m= H values
example

= 0 . 3

/1 p
= (0 . 6 , 0 . 3 , 0 .05

,
0 .05) I prefix free code

codewords W = (0 ,
10

, 110
, 111)

then PCAn i
. 0.) = 1 it Xn AeX

0 .05 0 . 05 lengths e = (1 , 2 ,
3 , 3)

Huffman coding : frequent symbols get short codes ① list all probabilities
convergence inlimp(ln-alz) = 0 XnE ② pick 2 smallest

probability rare symbols get long codes

In converges to a in probability ③ Merge them

P(/Yn-al=E) =SE accuracyelevel
& achieves M possible expected LengthL Parent = Prin

,

" Prinz
* Ell] = Epili H(X)-(CH(x)+1

convergence inlimp(Xnx) = P(X
① Treat parent as new

distribution ↳ determined byfree depth symbol & repeat

process
* does not imply convergence in probability * If min expected length for SINGLE RV ⑤ Assign bits (o - left

↳ CLT standar score of sample mean ↳ use Huffman 1- right)
converges in distribution to normal

distribution * If min expected length for sequences of RV-AEP/entropy
① standardize RV SHANNON CODING Osrc msg compressed

by subtracting mean
② redundancy added to deal w/ channel noiseMENCO1) a dividing variane

② Apply CLT

↳ POISSON LIMIT Xn-Binomial (n , Pn)#
coded may sent through chan a

THEOREM
imp UPn = + > 0

BINARY BINARY If using BEC channel n

X-Poisson(x) - Xn ESX SYMMETRIC ERASURE times w/ erasure prob p :

CHANNEL CHANNEL↳ LIMIT Of GEOMETRIC Xn-Geom(Pu)DISTRIBUTION ① Info-theoretically max length
=> · e m = In bits

X- Exponential (t) -> Xn =X
② maxvalue w/ Shannon scheme

ENTROPY =
expected surprise

Persor 12-hEexpected
uncertainty

capacity : c= 1- H(p)
capacity : c= 1-p m = (l-p- e)n bitsH(X) =[Px(x)109x) = =(10gpx)] acheived when p(x) = uniform

GENERAL FORMULA :

* BASE 2 & concave

- nonnegative since Px(x) -Co , 1]+x) =
MUTUAL INFORMATION c= mayXiY

JOINT ENTROPY
-> 10g **(x) 20 [(XiY) = H(x)- H(X(Y)

H(X) KL DIVERGENCE
= H(X) + H(y) - H(X ,Y) H(Y)

H(X,Y) = &Px,y(x,y)log(xi) = H(y) - H(y(x)
* HOW DIff ARE Z

X ,YtXx y H(X(Y) I(XiY)
H(YIX) DISTRIBUTIONS

CONDITIONAL ENTROPY
surprising D(P((q) = [P(x)log()

H(Y(X) = [PX(x)& Py(x(y(x)loy(y(x) orsurprisingo H(X
,Y) [(Xiy) = Dm(p(x,y)()p(x)p(y)xEX

= [Px(x)H(y(X=x)intoguirea - cross entropy

xEX we have X
& H(X) maximized by uniform distribution

- [p(x) log(Q(x)) = H(p) + Dxc(P(Q)
CHAIN RULE

& H(Xi) = H(Y ,N) & H(X (Y)( H(X)
H(X ,Y) = H(X) + H(Y(X) & H(X,Y) [H(X) + H(Y)equality iff Xit independent



DISCRETE TIME MARKOV CHAINS
TRANSITION CLASSIFICATION

From t A B

Irreducible : access any state from any state⑰ Titi J reducible:NOT access any state from any state

(multiple communicating classes)

STATIONARY DISTRIBUTION=Steady State
TRANSIENT if given we start at state O there's nonzero probability

-
#

*
= PT*

I=TS
we never return to thate state

always chance of return
solve : P = I ↳ opposite is recurrent : no chance you will Not return ->

↓Etti = 1 (Normalization) # ++* =

① Transient
Balance equations:HiPjFlow in = For out

GODI ass↳ use if chain has cycles

DETAILED BALANC
: iPj = IjPjj a it] flow is same

EqUATIONS -

as j - ; flow

↳ use for birth-death chains If MC is irreducible AND recurrent then

positive recurrent : ECT, /Xo = i] <D aka expected time
MARKOV PROPERTY = P(Xn+ j (Xn= i

, Xa-1
:" Xo) = P(Xn+

= j(Xn= i) = Pij to retrnisNTE
* future only depends on present state

↳means a unique stationary dist exists

#i = eTi]
Period = GCD of steps to return to self

null recurrent : ECT ; /Xo = i) = 0 aka expected time

6. 4

in ↳ does NOT have a stationary dist

to return isNITE

· ↳ ex) start & O and more left/right w/ p= 0 .

periodic w/d = 2 H ITTING TIME = how many time steps to reach certain state

so period =2
- Starting at State A : how many time steps to reach E

communicating i Te is hitting time to hit f from A & use first step equations
class

-
does NOT

get stuck in cycle
~

mean hitting time : B(A) EECTE(No =A] B(i) = ECTelXo =i)
B(A) = 1 + [B(B) + &B(D)

d = 1 - APERIODIC
-CLASS PROPERTY wit Yanom P(B) = 1+)

ACCUMULATIN REWARDS
> 1- PERIODIC

* collect reward until you hit hitting
timeA) + =B(B) + =(6)

↑

General FSE for DTMC X= El , 2,
.. N3 Hi) = El

*

g(XIXo = i)] VieX probabilityoo eer
State

T = min[n201X(n)eA3 ACX Ull =

//itI(j) if iPA

Ba(i) =
1 + & PijBA(j)

JEA if ifA
reward function value at that state:- S O if itA Detailed *

⑨

Balance : (i)Pij = +(j) Pji * condition for

Equations ① reversibility

⑭
2

H(x)P(x ,Y) =π(y)P(y , X) for all xiY EX is REVERSIBLE⑳ forward transition : Pij = P(Xn+= j(Xn= i)

⑮enGert Backward transition : Qji = P(X= i) Xn+= j) Qji=is

NO I
NO T

- a unique & reversible if backward transition-forward transition

CriodicPeriodic

METROPOLIS HASTINGSaeratesamplesfromtargetdistributionexactly
Intel In t

convergence current state is Xt =; π(x)
* satisfies DETAILED① Pick candidate next state j from proposal dist a (i , j)

BALANCE② calculate acceptance probability :

a (i .j) = min(1,) (P)(Y) = ENC)PX ,

Y)]
RANDOM WALK ON GRAPH

coin w/p(heads) = a (i
, j) XEX

!states = nodes of the graph ③ Accept/reject by flipping biased

= Eπ(y)P(y , x)
Pij = Soj e ad : = degree of mode :

heads -> Xt+ 1
=j -> more to new state

XEX
otherwise

* undirected connected graph stationary dist
tails -

Xt+ 1
= i + stay where you are

= H(y)EP(y , x
=TY)

* ALWAYS REVERSIBLE P(i , j) = g(i , j)A(i , j) = g(i , j) min[1,

↑= BaTheorem : MC is irreducible
,

aperiodic, and positive ecorti

Y
handshaking THEN : ①unique stationary it exists

emma
:

suasees ② is unique soln to P=# (and Ent = )

③lim p(X=j)=is + edyes
① ECTi]= -> expected time to return



POISSON PROCESS
P(k,

4) = prob of karrivals in interval of ouration +
RANDOM GRAPHS

Nr : #of arrivals w/ ratex over interval + G(n , P) Go on vertices w/ medges

PMF : Pry (k) = P(k ,+) = e
-

XT(k=0 ,
1 ... ↑ 1 peto , 1] p(G= Gr) = pu(1-p)(2)- m

ECN +] = XT n vertices (2) edges present w/
var(Ny) =XTOSSON DIST

probability p Phase transitions
Degree (np)

p : graph is forest of small components up+o

Time i until first arrival E(M=# of edges) = (2) P P =n : critical threshold up-

PDF : Xe-Xt t = 0
P > h : giant component of size OCn) emerges up+/

ECT]= D degree = Dr Binomial (n-1 , P)
var( +) = * EXPONENTIAL DIST

P(D = d) = (V=)p
°

(1 - p)n-
1 - d P= : completely connected ws high probability

up2Inn
-

ki arrival time = Yk = +, + +z + .. . + Th ECD] = (n- 1) P If p(n) =>IntenPGPsconnecTo
kin interarrival time :

Th = Y-Y-
1

where T
,
=

Y,
Plany vertex isolated) = (1-p)n-

EMC Expected number of triangles + (b) possible triangles

PDF= 20
E(Xtriangles] = (b)p
ECXisolated vertices] = n Crp)n-1

ERLANG DIST

MLE = value of param O that MAXp(X· Xn i 0) overall
MEMORYLESSNESS for Interavival times

P(T > s + +(T > s) = P(T > t) = e
- Xt DISCRETE En = anymax px(xXni] LIKELHOOD

① write likelihood :
n observations

- FUNCTIONS 2(f(x) = P(x(f)=  )SPLITTING : each arrival kept w/prob p CONTINUOUS
n

= anymax Ex(x . Xni] ②Take log :

↳ PP(XP) discarded w/ prob 1-p
* If observations X: independent : log(2(f(x)) = log(p(x(t))

MERGING : 2 Indep PP-PP(x ,)dPP( +2) &
likelihood function : px(Xi :" Xnit)=PX

, ( : 0 ③ Maximize : =10g + (Xi)

Once = argmax log (P(xIE)
↳ PP(X+ /2) manning Whenever

arrival occur appears in BDs of distributionit

xmunit (0 , 0)-> use 1xic3 Once= max(Xi = Xn)
↳ takeoevir wit o - set to 0

plarit p)arrivaltoess)= X-Uni+ 18
,
b) - Ence = min(Xi-Xn) = X(i)

RANDOM INCIDENCE PARADOX = If you arrive at MAP = Select value that maximizes o over the posterior dist

bus stop at random time : an length of interval

you fall into isIf the and interarrival time
BAYES

PRIOR
Df(EIX)=EL

ElBackward]= Elforward] =I
GOAL :

↓
N

ElL] = ECB] + tCE]=
nap = angmax p = armaxAP=XIE)]T

CTMC =transition rates instead = arymax p(x(t)P(t)
t PRIORSITY

of probabilities
& log ,

take derivative wrt t
, solve

③ Imap(t)=(XiE) +I
9 :j = rate for transitionitFRAGON -

Rate matrix : QER ** (MAP(E) = Ince(t)+ In (t) ④mp(map)= O

↳ mLe+ penalty term

Q= MMAP= EMLE
Decision that maximizes PCDI I 9= = - Qlii

HYPOTHESIS TESTIN G -

subject to PFA

HOLDING TIME : time in state ; before moving Ho = null hypothesis = no fire = f(x)Ho) Rejection region : data

TiwExp(a) - ElTi]= where 9 =
- Q(ii) Hi = alternative hypothesis = fire = f(x(Hi) that leads you torfect full

Likelihood Ratio : ((X)=
R: [x : ((x) > k3

STATIONARY DISTRIBUTION Solve OTTQ= O

② Ei = 1 ↑ FA =Type [ error = C = P(Reject Ho (Hotre) = p(((X) > k /Ho)

DETAILED BALANCE EQN TTi9ij
=T

j9ji
PCD =Power of the test = P(Reject HolH , true) =P(((X) > k /H

,)

① find likelihood ratic
TRANSITION PROBABILITIES : P(t) = e

+ Q
right tail

② Look at behavior ofCX] ↑
-

- KOLMOGOROV FORWARD EQN :

@Pt = P(t)Q - strictly increasing +> isolate X - (x) >k + X > +(k)
- symmetric + 1(x) > K * NX1 >

->
both tails

-BACKWARD fQN :

OPT = QP(t) -strictly decreasing- > isolatex & FLP signs

↳ A(X) >&XC
EMBEDDED TUMP CHAIN = modelling CTMC as DTMC ->

left tail

pilDoest necessarily have same stationary dist fin disNibution ASSUMING Housee

ai = - Q(i
, i)

② solve for exact critical value usinga
if ((y) > X

HITTING TIME EQN : reach State A from State ::

-X = [ it
Mi=+PijM; randomization

UNIFORMIZATION :

Constructing PTMC w/ same stationaPre (I+)Q
as its CTMC

xπ + Q=π

P = I + Q Yaselfloop + Pi = 1- maxq , (maoes) πQ= G
where necessary



LLSE = linear least squares estimator CONCENTRATION INEQUALITIES

* Goal : minimize ECIX-a-by12]
a

LCXIY] = ECX]+ (Y - ECt]) markoviXcantakononnegativPX
what distance from the mean am I willing to tolerate ?

LCYIX] = ECY] +corX(X-Ex ↳ it within 2% of true mean

prob that M= So if 401X : 60

cov(xiY) = ECXY]- ECX] ECY]
&In projection sense : X-LCXIY] Orthogonal

Chernoff : p(X = a)= M
to every linear function of y chebyshev : p((X-ulze)
MMS- = minimum mean squares estimate

⑨ n= sample size
gusually

in LAS

Goal : finding g(y) that minimizes ECIX-g(4)12] E = tolerance (within 0. 0s
,

deviates by no more than 10

g(Y) = E[XIY] Error is ECVar(XIY]] 8 = failure -> 95 % confidence = S= 0 . 05 (Usually RHS)

Y
EXAMPLES

O find marginal PDF : fy(4) = Stay (N) OX-minovestatistic② find cond PDF : fxy(x(y)=
- Pevery nuvinsNonetTatlnovej isolatedPodej isolated

LCXIW]
w= z- L(z14]

③ Ymmse = E(X(4=y] = Sxfx
,y(X(y)dx min of 2 exp(X,n)= - Min N exponentials = exp (NX)

- Global balance equ = total flow intotal flow out

GLOBAL BALANCE
-

& MMSE = USE WHEN JOINTLY GAUSSIAN
↳ for booth serving:I -Dmita

HILBERT SPACE= treating RV in rector space
BEC expected packets

Dinner Product : < X ,Y) = E[XY] Bc = 1 + 0 . 2 By + 0 . 8Bx
E = -- If waiting for 2 out of packets -> model as Geometric (3)RRROn
Expected packets-(1 + ecom()]

it equal (5) probability
② Norm (length) : /IXI1 = FXX) = NEXT BB2B+ 0 . 88 et

IX-Y11=EX-Y)-]
converging in probability can also set up Xi -Geom (1-Pi) for packety after first packet

niMP[YnIt] = /SimP[Yn > E] = 0 NEYMAN PEARSON HYPOTHESISTEST
③ Orthogonality : <XiX = 0-]= 0

Yn = min(Xi - Xn) where XinUCO , i]
A(x) = z(z)+- 1

* D X
, y uncorrelated

set up prob P(yn)E) =PX: O set up P(f(x) >kIHo) [0 .S - PFA
shortest distance from a point to a subspace is

straight line OITHOGONALto that subspace
② since increasing :

Alx)KseXetuplmit) put threshold into og prob statea

<X-* rector inside space +

P(X > Tt(k)7 /Ho) = 0 . Stck]
In) -> -So v = e

= "
= 0

0. Stt(k) = 0 . 0S - Set = to PFA
data estimator soimoPCYn > -] = 0

① check thresholds & randomize
⑦ zero mean shortcuts ECX] = ECY] = MLe w/ multiple data

PHo(X > S) = 0 . S = 0 . 0312510 . 05
rejection

-Inner product : <XN >= COV (X ,) = p(X, X , x(x)=
see

Pho(X= S) = 0 . S(0 . S)" = 0 . 0312S ↓ Prob

- Norm squared : IXII = var(X) L vandomize : 0 . 03 125 + 0
. 0312 Sp = 0. 0S

- orthogonality :

<X ,Y = 0 Stcor(X
,Y) = 0

MAP w/ multiple data ⑤ Reject Ho if X > S

Reject Ho w/ p = 0 . 6 it X=S optimal decisiono

LISE =

projecting X on to straight line/plane
2 =M * cept Ho if X <S I

X = Prjy(X)== Y
MLE w/ merged Poisson (x +M) CHERNOff BOUNDING
= (F) (*n)(x+me hm) Maf of Erang : (l-righest upper bound P(x(1)

P(x= 1) _ (1-E)-e-t- find value of t betwee 0 and
mmsE = projecting onto curred surface conditional entropy H(X1 = 1) x which minimizes this expr

X = ECXIY] & first find all diff values of Xw/=
Bounded MLE

Serial # ~Uniform (1
, N)

p(X=2(y= 1)
JOINTLY GAUSSIAN P(X=41 = 1) -> Then plug into entropy P(X = X , xn = x(N = n) = 1Smax(x, x23anj)

formula ↳ angmin
for Jointly Gaussian RV X= (X

., X2 ... Xn]
P(X= 8(4 =1) nzmax(

Joint PDF : f(x)=re+ (2)
*p)- E (x- m)

+2(x-m)
Eij = cov(Ki

·
Xi) E= AAT MMSE = LUSE

ENXIY] = LCXIY] Since

RULES X-L[XIY] & Y are ORTHOGONAL

① INDEPENDENT E- UNCORRELATED

Xi , X ; incep t CoV(Xi · X)= 0

② LINEAR TRANSFORMATIONS ALSO GAUSSIAN

Y= Ax + b - y - N(Am + b
, AEAT)

y= x,Xi +22X2+... +CuXn -> N(My ,
04)

⑤ If set of variablesIs JoinTLY GAUSSIAN

↳ any subset is also jointly Gaussian

* If X is Gaussian & Y is Gaussian - does
guarantee joint Gaussian system

X - N(0 , 1)

Y -BX where BrBernoulli (2)

⑪ If jointly Gaussian
,

conditional dist ALSO Gaussian

XIY = y NN(mx(x , [xi)

SLCN w/markov displacement
Xx)->

increasivesome at Let enopoi s

+ Crp-gLOtpo!

Poisson process Uniformity trick : If you have n arrivals in interval [Qt] ,
those

-

kin arrival = arrivals are UNIFORMLY distributed

Markov chain Stationary dist : (1-13)
all machines in Use

Markov chaina random graph : any random finite statem has at least I pos recurrent class

↳ always has stationary dist

(i)Pij=gli)=tel=gener Mc reversible if it graphi

symmetric hypothesis testing : uniform & Symmetric -> increases W/ (y) -> TWO TAILED

1y1 =
" (1-E2)

MMSE : Ex (x) = [Y(x1
+y) + 1 =x 11 , 02y = )((x)= =Six +yoy= ((X) +2)dw

fyx(y(x)=
E(y(x= x) =Sy +

y (x(y(x)Oy
HYPOTHESIS Example : P(ytIX=0) = 1- (l-p) + 28-

-

flipping coin until you see heads
- =Lrundown

ing


